MATH2010D  Advanced Caleulus T 201 -20
g§1 \ectors in B
R and Vector OPera-t\eV\s

’Deftvﬂ’ﬁcm (U

A vector in R 15 an element of R = {2, ) ¢ X, K, X € R

Exam?le_ Lo

A vector n R can be witken as %) or -xf?-ex‘j‘.

V&, %)

dencted L»av‘wm

A vector n R can be writken os &t X)) or -x.._i‘-ex;j-\-xﬂi .

V (xl 1%115)

~

<l

A vector wn 'lR“ can be witken as (%, %) o DA 3 - T I

B:(0,0,....0) = 08, + OB, +--.+08 ix said o the zero \ector.

':Defw—’cim 12 (Veckor Addrbion)

ExavnFle. (Y

lft‘uum) L TL,3)eR

“‘é TA‘-&? = (e,‘l-)




'Daf(vxrﬁm .3 (Scalar Hu\l-‘ciP\ication)

lf Ve (Vo V), £ eR (called scalar) , 45 = (ov, vy, o) .

Examrle_ L3

lf V42 eR , 3W-U2.6), AV, 0, GOV C-4,2) . -
évv
O

'Defwkiou L4
V.8 eR are sad 4o be parallel 'f V=43 for some teR.
:sziv\\'ﬁo“ L5
(et V. ReR.
-V is defiv\ed a2 GOV and R-¥ s deﬁiv\ed as W+
Examrle. L4
3 55:-3-3‘1‘-.-5‘3‘ and 6“B=1§=4‘1‘+1j‘, A
then RE-SR-BA:-B-a =(4‘-“+f)‘)-<3‘1‘+s’5‘)=7-5'3‘. R-B-a

oR-2

B
[o- ¥

o
'ProPachim L1
let T2, 3eR, steRr.
1) (Commutative Law cf Vectoe  Addition) R+ =V
2) (Associative Law of Vector  Addition) @+W+W = R+ (P+RQ)
3) (Existence cf Addrtive ldawtrha) B4V =V+B =V
4) (Existence 6§ Addrtive  (nverse ) VD N+ =S

5) (Existence csf Muttiplicative szbrha) 1RV where 1eR

©) (Associative Law of Scalar Muttiplication)  S£¥) = (sHT

1) (Distributive. Law cf Scaolar Muttplication)  S@+¥) = sW+sT and (5400 = V4T
Remark: K = a vector Space.




Frbvf cf Wy

Let T luntua.otan) . T2 O Ny Lo v e B Q

TR+ =4+
R+ = (ul'.'vl;u}""vbo"'ouﬂ"'\,v\) <

2 OV, Vat U, o, Vb Gn) C0 WLV ETR L i+ = Vi)

- -—
= V+R

])zflv\l'ﬁovx .6

©w +
lf V= (N, Va e VW), lengbk uf <, lVl-(E\fT) Y Cor dencted bla i) .

Exercise 1.1

Let VeR' . keR . Show that (kI =1k .

Ifwe let <‘/=#V,-G~an Gu and Wl=1.3 is said to be the unt vector of V.
w ldeazﬁvezﬁbr'ﬁlnﬁisa%mh’baw‘rﬂn direction and Magvx'rb,de.

=T where § ond (W1 %ive the  direction and magv\'rbzde cﬁ- < ﬂasPec:bvel%

Exm\rle_ 1.5

|f P42 eR , Rl=ddz -5 (Bgthn. 4o ) ared Q-3+ 27

A

U=(4.3)
3..

':DZEWEIW\ 13 (Dot Prodinct)

n (A
ﬁ a‘(u(:uzl“',uv\) ‘ -\7'-(V(:V:.."',Vv\) e R N T:‘\-; =2

& (VEAVIER SV VA VAL VPG VUL EXRE 37N

In particular, V-7 = g -l

Exaw?le .5

lf W (4,2.3) , T=(-1,6,-2) eks, R el D+ - 643.(-2) =2

quome:ﬁri’ cal meo.n‘m% 2




n

Cosine. Law - [R-9 1= @+ R0 2@ leos® Triangle. spanved by R ad ¢ B
ﬁ'-u(w-\la): I%M:. + I?!:}lv':' 2T lcos® g

S a n n n "

Zw -Q\Z;‘IM‘V‘ +Zuie Zuy+ P28V -2\ lcos®

é\lluw; = 1T lcos®
N = RRYlces® Pm%\e bebeen & and @

Direct Corsequence.:
DR s 'Fe"'Pe“"d%c“(“ (or orﬁ/\oaoml) T, ie. BT e 8: % o A0
2 &.§ .{ o

) rf 1)
Fucthermore |, let ™= uﬁ+w’j ,?T:v(‘?-eu{jeﬂi.
The area cf 'Fam(\e\o%mm s‘mv\v\eé 5\3 R ad I
= [l lsinel

O

BT Uecos o)
< et - @ 2
= J(u?.-c-u’;)(vf-t-\f:) - (AN ALY

b4 J (uﬁ’; - M;V();

3 [PRVRRVRYN |

Remark : Assume. that O s the av%le_ measwred "§\'ow\ ™+ I
The slév\ed area cﬁ Fam(\e\o%mm §‘>av\v\ed b\a T ad T = RSO = WNa- Uy, = |:‘ ‘3:

WUNa =N, > O UWNa =AY <O

0 - S _—
w v

>0 <o

-h'cPasiﬁcv\ Ty

et R T.WeR ., teR.
1) (Commubstive Law cf Dot Paduct ) R.T=w.T
3) (Distributive. Law of Dokt Paduct) R (T W :=r.T+T. I

2) &R T =R ) =t@RF)




'P\-ocf cf Q)

Le-t a= (u| ,u;,"' ,‘Av\) " TI\ = (V| ,V; ,"‘,Vy\) al'd ﬁ'(\-J\,\Aa.,"'.‘Av\)
R (R+W) = é.'} Wi (V4w =2.|(wv‘ +uiwg) = %u;v;-«-‘i_\':ww; cR.T+T

Bacthemore, (F+W) R =R (Y+W) : RT+RW =V +W-T .

‘R—:i)ed:iovr\ cg i alw\% W
lenjli\ of OV = (Hlees®

'Fm:)-\:;(\‘?) = OV =(IFlces®) & -
—_—
mc%n’rtw:le direction

HiRlcesd o .9
=t W - = n

which s the 'F\n:')ec(:ion cff 2 a'owﬂ N

—
N =V can be ea?rzssed os OV +\N

s ey, 9.8 P B
where N+ proja@) = S ad W:N-ON':=% R

Furthermore , OV /R and NN - = (- vlﬁlw‘ W)W:o, so YN L

AL

Exam‘>|e_ 1.6

Letc 'V-3T+'J.T s ﬁ-T+j€1Rt.

'Pro:)ﬁs(\?\) = vmg ? =—§_—(T+'_‘)“)

Exercise : ’Fr'o:)vs(ﬁ) =2

-

Answer. 'Fm‘)v(ﬁ) = %(3’?-(-).33

Examrle. (T

let T:ad-3B+8 +48, , D:3,428 -8 +8, e®

TII RS ORI S I~ I [P A S -
Distance betueen T and T - IV-R| = 8-58, +28 +38, | - ]
T W 14602+ (0+4 1 -1
MR cosd = V. W

30 F-cos®:= -1

o= cas"(’hl?) ~93.9¢

ngle. betneen ¥ and ¥ = 92.96

- =) W .
ijﬁ(V)' —~ W= -%—\73

. - A.A -
FmJ'V‘(”) = —“I#T} - -%v



befwam 1.8 (Crose Broduct in B)
let B.¥ eR , BT & defined as the f‘,um.\%;

-
A WXN

—

Like :C'i\} >?<.§: - ‘Famueloﬁmm sFavw\ecl ba. U and ¥

('Riah": hard vule ) area = [ZIR}|sind

Caution = Cross Fmdvct s cml.a deﬁne.d n B bt NGT any sther  dimension .

Hc%nr&ude L (G = (B sn®
Direction : AxT LR and AT LT witda r‘l%k’:, hard vile .

E% deﬁvﬂ'b‘lon, we have :
I) 'd*?? = -(FUxR) kv
- e = ==\ "—.\=+ 3 -E =
2) TxJ=R ., JxR=T ., BxT=] ﬂa(' J
-T‘x"i)=jxj\=ﬁx-|:=_o\ (NDT Jus‘t +he. number © ) =

 —
IxTh

How -to com‘rwﬁe Ux3 'tf R= u"\h+u,_j+u,t and N =V|T+V{_j+\/, 2
Rxs =( w’?+u,.j+w'l: Y x (vl v,j +\v, k) (Pssume. distribirtive  law )
VRV 8 M‘\I;,T%j + U TxE
V\,\I.'jx"\; + u,,\/;jxj + u,vijﬁ +

\Ag\l.-‘:x—'\\ “+ MS\I::E ;j + WV;E Kt

(WaNay =UaVDT = (s =asy, 33‘ + Waa-UavO K CYou mau, -fv.'%eb all dhe above and “nke

T j ® dais as -the de?:v\rhm cf e cross 'FroduCE D)
= | W UL U3
V] Vﬂ. \Is

thoz-e_(z-e(o-e'-.\ > _JE
o 2 |—5|' >.||J+:.-$|J 6‘+3.)
t



—Peroeriov\ 12

let BT, D eR . teRr,

1) TxV=-(@=<T)

2) (Distrilwative. Law \'Sg Cross Prduct ) Bx(F+W) = BxT+TxS

2) ER) =V = Tx W) = (@Ex)

Note that if ®,? e® , then Gxi eR .
Suﬂ:ose DeR , then e know that (Tx7)-W s well-defned and 1 is vat a scalar.

(Ux7)-W__is ealled secalar 'bri-PIe_ -chlw:t , but does £ have i %eome'brica\ vv\eavxiw%'?

XY
ﬁ:um'rt\!ectorc-grkxv .

s>
9

9 [Elecos ot
A

| (ISl cos )

—

—_—
base area keﬂh-b

£.3

[Wlcos

= CSl%v\eA) volume of the 'ParalleleFlFe.d
SFavmed ba %,V and W.
Remark - l-? Lca<m, cos d<O

lf R= u.’?+u;j+w'l: v \I‘T+\l;_j+\1;'|: and W u.’?+w..j+ug12

(TN = Ly —uaud T - (u.\l3-u;\l.sj‘ + a0 K T Gaaad +0E)

W WY
= WaVs -UaVadWi- (Wva =UaNdwn + (e -baY Wy = g0
Wi e Wy

From the Frc:Fer'ties esf determinants :
@)W = FTxRN)-R = R<R) - > 9

e aQa mnus sSign.
FxR) W= @=xN) -V = Q=)W ﬁ b‘a S‘a




Think :

0 |:‘l‘ ‘:’: . siév\ecl area cf -Faml\e.\o%ram s‘mv\v\ed v
t:ua_ n =M|T+u;j ard - v.'?-t-v;'s . =
W, W,
2D \l: y ‘:: . S%ned volume cf the 'FaralleleFrFe.d SPavme.d l:% ‘
NN
> R W-\;'(-u;j'l'wt N \m“wg)‘w,t and W w.'?-«-w._jﬂ.);[: .
w
3>l-fA1sqmn-realex,(Al.? 3

Twe lv\egg\alrties
Proposttion 14 (Cauchy Schwarz  [nequalrty >
Let a,.an. . b b oneR . Then, (Sab) = (Fad).(B6d).
Furthermore . “the e%ml‘rba holds rf ard ol rf a:th, . @y=<thby, .. Qa=tlown -for Some teR.
prost:
et A:ta.a,..ax).Belb, b, ... b)eR ad lek © be e avgh betwern & ard B. “Then,
2B = Al cos & = (AlBL
©(Bab) < (Bad)-(Eed).
Furtheamore. , “the e%uml\'ha holds 4> ©:0 or T (cos®:1) , 1o AsB

& A:tB . i Q:tb, . Gurthy . .., Gactlon . for some *eR.

—Perosl'tion (4 ('Triav\sle lm%mlrt%B

Let A.B.C be twee pomts . Then , AR+BC > AC .

Rurthermore . Hhe e%mli-ha holds if and ov\l‘a rf AARC s adaae.wembad -briov\ﬁle..
Let 28, 9-B . K s equivalest o Show (B + 21 2 X+ . /
(R4 = @4+ - @R+ BJe

R A+ WM+ VT

sk
@)

€ [l + 2R + =25 R -Gl cos © = @RI

< (RI+RAY
Fucthermore. |, -the e%ml\-ba holds <& 0:0 or Tt (cos®:1) , e R4V

& MARARC L, 1o, DARC s a de%emmhad ‘bﬁawﬂ(e..




&2 Sbmt%h't Lines . Planes and Curves
S-tmtgh-t e L w &
let C:(c.c..c3) be a -j;xe_d Fo'm-'c
Pelx.g.2> be a movable pont
2:a.a.q) be a flxe:l vector (directon vector)

L be a gb—ai%kt line passes -Eb\vw%\« C and goss alov\% direction & .

L
Then .we have TBAIZA . le. CPa+a . +eR -
(x-c,. Y-Ca-z-a ta,.a,.a c a

xsCtta, .

g:Gstan  (pammetric e%aﬁon of L) °

Z2:Cyttay
Eliminabe + : I'f“fw-‘ﬁ;%-.zjé‘ -f Q.8 Gy #O.
CThink - lf A.G.#0, bst ay=0, then -the equation becomes.: %c'e-‘ﬁaz—c* ard z:C3.)

Exaw?le. 2.1

ﬁ the e%m:bon cf a sbwgkt lne L i 'Rs is %u@-‘-ﬁ

L passes -Hr\rwgh (2.4,0) and 8@9.3 QIOV\%_ “the. divection

However, | also passes ﬁvov%l/\ “the Fow:, Ca,4,0)+2(3.1,5)=(8,6.(0) .

'TL\erefor'e, %3“/6-&2;5‘0 is also an e_qbw:tton cf L.

Exaw?le. 22

l:f-ﬂnee%aa(ﬁmfasbmigkbhneLmlf s X2 .42l ad 2.5, ren

(1 passes -Ehm%k (2,1.5) and %oes Q(on%_ ‘the direction @ =(3,4,0)

‘F‘w\e. TM: 2:=5 Nete: L lies on TT




Exavv?le. 2.3

lf Lisa sbr-a'gk(: line. n B aiven b‘a -dhe e%a‘aov\ XT-:-‘_%;._B%
Q:(0,-3,4) 8 a f%e& 'Fe‘ME.

What s tre shortest distonce beboeen L and & 2

L posses -6/\\1».%\,\ PO L
Direction vector cf Lo=dq=(3,-2,2) Y

ﬁ= (o.-3,4)-(2,=1,0) = (8,>,2)

—_ . S = 2:3,-2,2) Qlo,-3.4)

P = proja (PR) - P2 2 . 3% 2 . 33 .(6,-4, 3
Pyl Ell R PG, 0

QA = PA - PR =(8,-2,3) - (6,-4,4) = (2,2,-1)

Shortest distonce bebicen L and & =|Q_'G:(=Jf-ez’+(-t‘ NN

Follow e idea of e discusson of Staight lines in B figwe out the eguertion
c§- Sb'vu%k’: lines in T .

bn 8evem( . -S-’ L s a sbrai%k(: line in B which passes 'ﬁv\nw\ah a -Exed O
and gees a(ov% e direction Z=(a,.a.,---,Q) .

X:C+4B . teR s a parametric e%wﬂ'bon of L, where X=6x, .-, 3.

l-f Q;£0 -for- al i, loa ehwﬁvxa:ﬁvxé't,ue. ostain %=%=...=%.

CThink : What dees Hre e%uabon lock (ke }f Some. aj=0 )

Need some '(mc\aina'tiov/\:
. i ) 3
Some\aeda is m\km% wm K.

e
W

-
/ Stroiget line | in B

TN
P

— | g8

N\
N

> R Chime)




Exam{ﬂe. 24

Let @:01.29.6) , A =(2.-1,-22) , &=(2,3,2,F), & =0,2,1,-2)
Let L, 228442 and La: R:Zasd . £.SeR. be bwo sbuight lies (N
Find the shortest distance between L, and L.

Let OR-B+t.2 , OB:S+s.a ‘jb\" seme £, 8. R .

Nete : BA LA ond BALA give ~bwo Q%Adﬁons-. /

—

BA & =0 = -43+F.+(8t =0 {s.u

E‘;S-al=° > 24 - (0p-Fte=0 o=

Then BA = SA-OB = B -T)t4B -8B =16, 11,0 +taQ 1,3 2) =S, 1,-2) A

L

o ldea:leim‘biov\s,lwkmvs,l‘t Svﬁicesfokmu‘»s,q,\dt \:

BR = (1,6, 00,-D+2C.1,-3,3) -2 1,-2) = (3,2.4.5)

and the shortest distance between L, and L, = BRI N NPT - S

Plones in ®

Llet @ (@ 90@) be a fixed poirt on the plane.
P lg2) be a movable powton the. Plav\e.
AR :(A.B.C)Y be a normal of the ‘Flane.

Then , we have 7\\-L§$

p

A(x-%.) + B%'i}“’ C(z-i;) =0
Cz+(-Ag.-Rg, - =
f-\x+'&a+ E ) EE Cg:)' o) 2
denste b‘a D

o The e%aﬂov\ c:? a plane n ® s c‘f “he. jom A1+'B«3+Cz-\-'b=c>
where ﬁ=h‘1‘+ES‘+CE s a nomal .

Le. A-GP -0 \__F\ay\e_ i



Furtdhermore , rf d 1 e distonce betieen Vs, 0,20 and -the Plav\e_ TC- Ax+‘B:a+Cz.+'I>=o
then d= [Vl cose| where 8 15 Hhe ongle betueon R and VA
d- [Tl cosnl
- lli-#(cosel
i Steoso)

. (R @-"|
il

« (AR (%o, Qu-ue. Qa-2) |
[T

= A%+ By, +Cze +D
JB+B+C (Recall : D = -Ag.-BZ,-Q%,)

Examf[e. 25

T 2-2y-2-3:0 is a plane in B with a nonmal 1'?-:'5-12 R

The distonce betieen © and - m

Exercise 2.1 (Reuistc cf Staight lves i ®)

Follow -dre idea cf dhe discussion cs? plaves in T . show -that P& L: F\-x-«-’B.a-\-C‘ﬁ o =
a_ shaight. lire B . tden alhi:)]

a) A« AT+B] gves a normal gf L

b) the diskance betuween V(x.,,(ao) and L=d-m"';%
“+ d’/

4
4

v~ =
V(ib "aﬁ)

ExamFle. 2.6
Let L'-x—;_'=-‘a_"l—2--§_- be a sbro.l%l«t ne and '!t=1+\6+2=o be a 'Flane n T .

) Find -the intersection cr§ L ad 1.
b) Find the av\a(e between L and .
&) Find the 'FrOJe:Bcn of L o TU

Q) (—E P iz a Foivﬂ: kaiv\% on L, P2, 0)+4(2,=.2) = (I+XE, 24 .20 . €eR.
SV\FFOSQ that P -fuv-t\ner ltes on TL . (4+2R)+Q-E)+X2k = o
¥+ =0
t=-

L and TU wibersect at (-1,2.-2) .



bYNote : & :(2,-1.2) is a direction vector Oj (W |

R=C,L 1, 1Y) is a normal o§1t.
The. angle between L and R :cos ((ztllv?\) cos ' (zk) /oo
*WN
L TThe anale between L and W=L-cos (;g)
axn
) Question : How = -ftnd a  direction  vector ef (e
-
AxA |y 3 2| =-T+3k
(ot
T 3 1~
Bx@xA) =] 1 ] = 3'7'-6?)’+5'E=3(T—i3+?)
3 o 3
. T—ij+'2 is a directon vector csf |
E%ua'tiw\ c§ L et =§_'—5-.z+>_
Follow -dre idea sf “tdhe discussion c? -Flavxes n B
the e%u«rblen Ot Ot 4Bt =0 In B %Nes a "Flane" n ®
which & sad 4o be an aﬁm& ‘z\\aPerF\ame T .
The vechw R=(a,.a,,---.aQ.) is a vnorwmal v§ e aﬁv\e_ ‘A\(»)PerF\an T .
TC: (-1 -dim aﬁne. h-aFer'P\ome in B, n-dim s‘mce
{-clim aﬁne ha\xx?lane n® s Just an usual S'Emig_hb line n ®.
2-cim aﬁvxe \>er‘>lame, in B s Just an  usual 'F\avxe n ®.
ExavnFle. 23
Let T n R given \o-a_ AR 4 Xq =Kyt 3% =4 and let P:¢1.2.3,1) be a Foiv\'b on T .
Alse, let Q:(2,5,3.4) be a Fo’w\'ﬁ whidh does nst lie on T Q
ubub:s-a\emecemdcf&mﬂ? /r m
Nete : R=(2,1,-1,3) 8 normal o T, so A
—_ . oY
OG- projx () - _1;7-“ Ao (21,3 =201 P

. & - CR+aq = (X 1D 23
.0@[=0Q+Q&-(3,3,3,1)

O*



Pacametric Equations -
lLet iele . R.Y eR  be -beo hv\em—ha lndeFe\de (V\M-Paralle() Nectors .
X . 1+su+-ar is -the. parametric egquation cf

%Fhm?m%ﬁmﬂkiwdmwwmngﬁandv. ~~ 7P "

Exom‘ﬂe. 23

et A=(1,0,0) , B=C(21.,1) ,C=(-3,-2,-1) be Haee ?olvd:s nw®.
Then, CA:(4,2.1) and TH:(53,3).

(x,«a.z) 2 (3,2 -~ +S .2, 1)+ €C5,3,2)

'S a parametric e%aabcm c? 'ﬁAe.Flav\e T

qu*smrz ‘Hr\vuu%‘r\ ALB and C.

b

1
4

5

®
{

2

ﬁ=@\*§*

- T-3'5+>.'E ©

W oyt

8i\|es a_wnormal c§ the plave TT.

Let 'P=(x,‘a,z) be a 'Folv\'t on T Then
TS - R-0

(x+33, 'a+>.,7_+0 C1.-3,2)=0

x-&a-\-ll: |

Rollow -tdhe idea cf “he discussion c? -Flames n T k-dim aﬁm s.AosFace n B
et ie_Rs R T e® be linearly tndependent vectors -
?-i-t--b.v.+-b&;+---+-hﬁi is the parametric equation of

e k-dim qﬁm SMBSFGCQ. Fm"é -Hm-ougk i and
cowb:ztniv\g v AT A




Curves

-Deﬁvx'\'t'lovx 2.1

A (parametric) curve in K s a costinuous 'fuw\cbov\ Y:IoR |, where T s an nterval.

lf we write -the j?wchov\ as  Yeb) = G, 8, -, ), tel, Hhat mears each ;) is a

cortinuous fw»cbon

Remark: Y&y 13 o vector in T, So Sometimes Y is called a vector -ﬁmction and some maiy
write Yot .

A cvrve Y. TSR s sad to be Simple rg ¥ is ‘w\')echve. . te. l-§ Yeby = Yeb) |, then =, .

\_,L’ X :cuve bat NST sinmple .

A cue Y:.Tabl »® i3 sad o be closed rg Y = Xb) .

Y = Yb)  means sbm-&\v\g Pomt = end 'l»ivvh

Exa\w?le 2.8
Let Y:iTo, 3§ de?lvxd oy Y&)-(:L&t).-ate)) =k, 26
S'Em-blvv% ">o1v\‘t = Yo = (©,0)

XUr=C.a)
Bd pobat = Yoo = (L)

—_— le= b8

{x--&. Eliminate € ¥

‘a = MOHC )

'Deflv(rblov\ 2.2

let Y:IoR be a cunve and (et +.eT. Yék)

Yetarat)
—n\e.deriva'tlve_of ‘(a't't.'lsdefw\edcs

{ Ykt 226 - Yot )
st-o

o lim (:t.(-b.-«-st)-x.eta AallotsO-statld x..(-bo-\-d:)-x.\(-to)
st-o &t ‘ st cr &t

(kD , ik, e, HER)) <x§ tt exists)

l? \’é‘:.)u‘s&s—forqll-tel,-they\ ¥ is said o be.adbﬁerewtlable cwne .

Remark: (f  vepresents ~time and Xety s -the posction d§ Q woving Farﬁde,‘('(-l:) is the
Ve\oc'r'cua_ css “dhat Pav-b‘\de at time t . Hence , (Y is the sreed °§ ot Pav-b‘tc[e_ at time + .




Exa.w?le_ 23
lek Yibad-»® de§mas by

A COPNCT SN raee)) = (Reost, Rsint) , where Rso. \ Yee) = (Reost, Reint)
{x- Reost  — )

¥t = (-Rsint, Reos€)

(8 : Rsint — &
Uy + G - x‘+‘a"='Rt

_ﬂ'\erefom,‘( s the circle centered at e or'i%l‘n with rodius R

Ye): (-Rsint, Reost)  and so ¥l = Ekswb\;-\- ('Rc.ras-e,)x = R.

Bucthenore, et 2.0, T ® deﬁw\ed by 3&):&&).«6@)=(’Rc°swt,ksiv\wt) s where R, w>0.

Exercise : Check 7 also gives the same awdle but Zewl: Ruw .
_ﬂr\ere.-%re dﬁerewb 'Pammcbr'\zad:lw\s oy %ive. dre same cunrve

Exercise 2.2
let YRR deflv\ed ba Y&):(x&).ta&\.z(-t)h('kcost,'Rsiv\-l:,Irvt) .where R.h>o.
What s ¥ 2

Awns : Helix

arth

Exercise 2.3
Give o parametrization nﬁ eadh cf e ‘?b“owiw% cunves .
a) Circle gven oy G-Waly-kd « R L whee hkeR.R>o
b) Ellipse given ‘ola _'2;...-‘\&;-=| . where a.b>o0
) Line SG%w\ewt Joining A:(a,,a,,a) and Bk, b, by
d) Cune Gven b.a 8m\>h of a_ continusus -fw\ch\ev\ -fﬂ.‘n.‘o]—"k.
Pws :a) Yeb) = (h+Reost , k+Rsint) , telo
b) Y&« (acest, bsnt) , telomd
) Y= (a, . a..an+t(b,-a, b.-a. , by-a3) , telo, (]

dy Yeusc-(-.,fecn , telabl

Remark : K is wmore natural +to use x as Pammeter and  write (-x,-f(’o) . xelsl




FPrb‘Fos'rE\on 2t

Let Y. %: IR be curves such that Y and 7' exist, lek 1R be a d‘rﬁmw&iab\efw\chiov\,
ond lek ce®R . Then ,

0 (P2 2V = Yeor £ ety

2) (¥ = e ¥e

2) (-T?)'tt—.h-f(’-t\ ?el-.)-s--f(—t‘»?&-.)

2 Yo -Ter) = Ve - Teor + Ve - Tioy

N B aix, FeorxTer) = VeorxTeer + Yeor «Tiey

'Frvoj

4) let Y = (e, GE .-, Y)) and T = (2,60, 5.6 . -, Zue))
where Y;.%;:I—R are d?rﬁerew‘cia\;\e -g\mcbiw\s for 12,2, AL
Ve - Fee) = G C Z:'.‘ Yick) Ziek) )

. ‘ﬁz S b0 L)
. .i. (0 L1 + Y560 Lice) )
< (R N0 Lo ) + (B Veo Lo )

: Y - ey + Ve - Teon

5) Let Yo = (Y60, &, BReo) and T = (5,60, 2.8, Z,60)
where ¥ . % :IT—>R are dﬁe«‘zwtial:\e -ﬁmddws 'for iz 1,2, 3.
V) x T = CG6 Z460) - K Z,80) T - (6 Z460) - % Z,60) T + (X6 Zaet) - Vi) 4,60 R
e x Zed) = [ (N T - %0 2,600 1T - [ (Yo L0 - e g,e) 1T«
[$ (N 00 - Y g, &) 1T

Ex.

= ?tlt) w‘;&.) + ?t(:) wzéb)



Let ¥:la.bl = ® be a cune such “hat Y exists.
let Q:tocticst o -rctnzb such Hhat -4 = St:-bﬁg— .

ek Yeka)

Length o8 polyaonal line » g:’: [Yekia) - Yok

X<y
_l'akiv\g limre g
A\‘devgan DY Y = !\i_\\‘\“ i% 1 ¥ekia) = Yeead | w((a)
e limm 3% [Yekied-Veba | o
NS® =y &t
U
= J et (BS Noes . sbebea o)

Exaw?le_ 2.lo

Let Y:loaml—® defw\e:l b\a Y&t\-(:t.&&).cate).z(-t\h('kcos-t, Rsint, Itt) , where R, h>o .
Y&y = (-Rsint, Reest. h)  and 1Yt =R+t
Pirdev%hlr\ m\” =
Y = (Yt
°f S;t arth
< S J'R;*-h‘d'b
o
. Ilt..J'R‘-\-h’

ExawFle. 2.1

Let Yo R defined by X€0)s (160 g0} s (cos £ Sin €D

Let Y ELil—R defined oy Y+ (0. ) s G, JT-E5)

Exervise : Shew that both Y. and Y, are parametrizations csg the upper semi-cirele  cevrtered
at “the ov‘\ca‘w\ wrdh rodius L.

-+
X't = -sint, cos €) Veor= (-1, o)
Arclengtia of ¥ § Vol Arclengta of % = §/ ool
I R e - -
-Sofd'b -S.'J'_—_ed't et € =3B
=TT '-S:E: 'sc.osede dtzcos0dd
T CoS
=S§_ tde When tz-t, 6=-% .
- TC ‘=1, 0%

Exercise 2.4
Show ~that arclemg'ﬂz\ c?qwis'w\defa\dewtfvbm c[«aic&u? ‘meebwza'bw\
(Hiwt Clr\av%e ef varigbles .)



& 3 Polar, Caaliwdeﬁcal and therical Coordinates

Polar  Coordinates

19 C‘.W:v\%e. c-} coordinates :
(x,la) (r.0)— (x.,na) (1.(6)—> (r,0)
2 {x=rc.os9 { cadCag
© >
9- rsSin® ton © =-§_—
(x,la) # (o0,0)
r.0eR but usua(lca r>o0 ,0=<8<2T
Converttion : l'f r=o0, (r,0) refers +o the ov‘i%lv\ ; 1% —
i-§ rco, (r,® z(-r O+m), 94-10/ 5 -
(- 8): (r, B+T)
Brercise 3.1
Chav\%e. crf coordinates :
x«a-mordrthes > 'Po(ar coordincates
—a 6. %)
-2,2) — b
(-2,-213) <
Hink:
—d 6. %) = (e 41

Ans: @ (3.3[) by &, 3L ) (4 4T) d) (-3.-35)
A polar eguation is an equation on r ard © which defmes on adge'oroic curve..
E><Aw1>le |
ln %eﬂe_m( , Yto>o gues e cicle cewtered ot 23 SRS

“the oﬁ%ivx widh rodius , . rzo and © = 6, %iues

-the o oﬂ%ivv:teé '?fw« e Oﬁ%?V\ where -dne CD >

av%\e_ Swe‘sb -frow\ “the ‘Posrbve. x-axis to <the
m«.a, (in_avticleckwice dwection) is 8.




Exercise. 32

D) D=fr.0):. 0srs Y P

) D= s Os0<aIM}

Av\ﬁ .

% ) i&

)

17N AR
%Y

) v/
A/ R LA L

Dl/w\uluQ

(44T, 2T0)

(3+3m ,70) R+EW, 41




Exawfle. 33 (Polar Rose)

\"-aC'z$(k9+\e) . where a.uee'li L keZ'.

C=2cos 30 -fm- os®sT r=2cos 4B -fm-oGSsm

(0, =, L) (o, 55"—‘)

2,

G 2.0

., 0)

(‘1:%) = ()'l %)

(o,]é-) =(o,%)=-<-=(o.-‘-§5)

‘Pass\ng -me\gh e eﬁatvx & -times

\v\%ev\eml.i-f k iz o, tt has k pekals -,i-f k iz even ., tt has Dk Pe-bals.

205

Bercise. 3.3
Draw the %anhs sf e —fo“bwiv% polar e%mt\ov\s:
)y (Cardioid) r=2a(l-cos8) , where a>0 , os®=s3 ;

G (Limagon) r:b+acoes®. where a.b eR .

vaﬂw:se “that = r©® ,-for asosb ,deYMes a curve T.
Question | : How do we'f‘w:\ e ardevﬁﬁn c? 2

Nete. - { *(0) = ~(O)cos O { %) = (O Cos O - ~(D)SInG

Y = (O)SinG ca'ce) = (OISO + (&) cosO

. d%" 2 2 de >
) +(§3) T (§)

Arclengitin cf e . S': J(j‘r‘;)‘»f(%g)‘ de
s S'b ‘f‘;-t-(%g); de
a




Question 2: What s dre area cﬁ-&\qm%bn R bouwnded lvy.a ©:=a, 8:b and r:r® ?

®
For®) 80 o :

e-b

(o]

Area cg i=th -tﬁawj\e =L O SM®m-B) = L G M SMa®a L} as

Sum oﬁ areos GT 'br’iov\a‘es = %{-_“?Ae (Nste l&e%ﬂ , So Sina® aad)
_Takiv% [t g
Area crf R l-m g—l—r— FNS)
=L-§r‘de
Eercise. 24

Find e Fenmz:ber and area OT a ?etal cf €= dcosi® .

Bs - » perimeter =S AQcos 48Y +(- 3548 O = 439 areq = S% -+ (cos4O) d8 X

1 ¥
C-a(indﬁca.\ Coordinates

w Idea: Like Fo(ar coordinates  but  addi 2~ coordingtes .

z
x (r,9,2)
]
iz
! Y
S~ !
/ P\J:ll
X
Brercise. 3.5

Ckavx%e_ :rg coordinates :
Yz - coordincates <« c%lindﬁm( coordinates
—a (8.%.5)
=,-5, -1 — b
(o,-3,0) —c

Ans: a) (4.4f5.5) by (2,3E ) <) (3.5 o)




—ExamPlg 3.4 2z

—
- Py zs2l G;i/ C
Lt con alse be described by __-E--
[¢}

'l---é|—)z3

C:={tr.e,2): 0sr=s1 . 0<O<IM ,0s2s23%

7/

zs (3

/("Q ()

E :
\ /'L_(r,e,rl
/




SPl«eﬁoc\l Coordinates

Deseribe. a 'Potv\'b n T b\a (F'7S'S)

“ Nete trat . = psing
C‘Jr\av%e. of coordinates :
¢ e . ((3,75,9)—>(x.ca.z) (x.ca.z)—>(f>,7$,s)
e X =Yrcosd = PSM‘# cos® e v ‘65* 2>
) \)‘3 Y- rSin® - p3ing Sin® ton¢ =L J_@
x z= f)cos{a ton 8 -4

(x.ca,z) does not lie on z-axis .

?>o, ¢,SG(R b usu\a“v.a o<cl><‘rt. , o=B<Or .

Converttion : I's ?S-o (or cpzn) , (F,?,S) r'egers to -the PoM'l‘. 0.0,p) (or (o,o,-Pﬂ in x(az-coerdlvﬁtes;

if F=o , (F,?,S) r‘eﬁe’s +s the ori%in.

Bercise. 33
Chavx%e. UE coordinates :

Yz - coordinates <« S'er.ﬁcal coordinates

_a Q..
(-,0,-R) b
(o,-3,0) e

Ans: o -2 5 b 5w o (3% 3

Exmv?le 26

f(e.4>,9) :0sps2, Osp=sF  oso<MY

z




